

















MaTEMaTHYECKHX AMCLMIVIME, @ TaKKe OT MaTepHaNa, HE MMEIOLIEro
NPHHIKIHANBHOTO 3HAYEHUS, OMYUIEH PAA BONPOCOB, KAk, HANpPHMEp:
HMTEPTONSUHOHHbIE (JOPMYJIB!, KOHEYHLIE PasHOCTH, oftlee NOBRTHE
0 JIHHEHHON SaBHCHMOCTM, PE3YJ/ITAT JABYX KBALPATHLIX TPEXUJEHOB,
obuiee BLHIpAXEHHE CHMMETPHYECKHX (DYHKIMI OT KODHEH KBAADATHOTO
TPEXulIeHa, BO3IBPATHHIE MOCAELOBATENBHOCTH M T. M. CywecTseHHo
YIPOLIEHO MIOKEHUE TEOPUH PAUMOHAMbELIX (DYHKUME, YIPOLIEHO
H3NIOMEHHE TEOPHH PafnkaoB. CHCTEMATHYECKH H3/I0NEHBI TEOPEMbl
O CPeIMHX BeJMuMHaX. MHOI0 TIiaTenbHO NPOCMOTPEHO PELEHHe BLEX
OpHMEPOB, TIPU 9TOM fi CTPEMHJICH K TOMY, YTOOH MaKCHMAJTLHO YHPO-
CTUTb HCCJesoBaHMsi ¥ Ges ymepfa s DOJHOTH! CAEJaTe MX DO
BOIMOMHOCTH yA0600003DHMbIMLL. .

CuMTal0 CBOMM MPUATHEIM AOATOM OTMETHTb Gosibliyio padoty,
BHIOTHEHRY0 kadenpoi anrebper MockoBekoro o6JsacTHOrO nesa-
TOTHYECKOrO HHCTHTYTa, BLIPA3HBILYIOCR B AETANBHOM TPOCMOTPE
KHATH B DYKOIIMCH H B CEPbCSHOM €€ KPUTHYECKOM OOCYMCIEHHH.

C uyBCcTBOM MIYOOKOH [OPH3HATEJBHOCTH £ BCIOMMHAKD MOEro
noKofHOTO  yuuTensi awagemuxka Huxosnan Hukonaesnua
JlyauHa, KOTODHI! OpHHAN KHBOE yvaCTHE B paspabotke mnpo-
CHEeKTa NEPBOro W3/IaHKHA HACTORILEH KHHIM 1 OKa3asl MHE HEOUEHHMYIO
HOMOLIb CBOMMH COBETaMH.

MNosbayloce cayvaeM BLIPasuTh MO rIyboiylo 6raronapocTs
yuenbv-niesaroraM M. K. Amnpouory, B. B. KyTtysony,
Il A Jlapuuesy, Il C. MoneHOBY, YbH KDHTHUECKHE BSaMe-
YAHHS K APYKECKHE COBETH OKA3aMH MHE NOMOLb M NOAIEPIKKY
B paboTe Hapg kuurofl. Beipaxaw Gaaronapuocts H. A, Mepexns-
HOBCKOMY 3a 06pa3sloBoe BBLUIOJHEHHE MAMIOCTPauMi.

C. Hosocenos
Mocksa, 1 centabpa 1955 r.



BBEJAEHME

§ 1. O collepkanuy Kypca sjeMeHTapHO# airebpsi

Coepemennas anrebpa Kak Hayka mpeacrasiser coboi obummp-
EHl pasfien MaTeMarTHKH, COCTORUWH u3 GOMbIIOTO YHCIA Pas/IHYHBIX
JWCLMIUME (Teopusi MPYIN, KoJell, moJef, Munelinas anrebpa W T. A.),
HaXOESIUMXCA B COCTORHMM paspuTHs. B Beckma ofiuem Bune comep-
JKanHe COBPEMEHHOHR aireGphl MOXHO XapaKTepH30BaTh CJELYIOUHM
ofpasom: oOcHOBHOM (o6besuHsrOWel paznmubele  anrebpanyeckue
JAMCUMIUMHEY) 3anavell asreBpel sBJseTCA H3yueHHe aareGpaHyecKux
onepalyil Haj SJEMEHTAMH MHOMECTE DPOMSBOJILHON TDHPOALL HIJ%H
atomM, nol orepayueli, onpedescrroi 8 Oaxrom mHoxcecmee AN,
HOHUMAEMCS  COOMBENCINaue, 8 CUAY KOMOPORO HPOU3BOAbHBLM
Osym anemenmam @ u b (83aAmuM 8 OnpedeAcHrOM nopsdke)
mHoxcecmea WM cmasumcs 8 CODMBEMCMSUE HEKOMOPBIL 6noane
onpedesentall 3aemenm € mo0 e Mmuoxcecmsa. [lpenmerom
HBYUEHHS COBPEMEHHOH aJyrefpbl SBJSIOTCA omepaumH, obJaaaroume
HEKOTODBIMH BIIOJHE ONPEJEJEHHBIMA, TOYHO ONHCaHHHIME (mocpen-
CTBOM @KCHOM) CBOHCTBAaMH, H MHOXeCTBAa (NPOH3BOJBLKON MPHPOLEI),
Haj 37eMEeHTaMH KOTOPBIX YCTaHOBJEHB 3TH Onepaumu (KOJbla, HOJs,
rpymnel). Ilpenctaeienre, pasyMeeTCs, He HCYEDHBIBAIOLLEE, O 3ama-
yaX COBPEMEHHOR anreGpbl FaeTCs B Kypce BeICWel anre6pel.

Kypc suemenTapHOf anre6pel MO CBOEMY COREPXAHHMIO SHauUM-
TEABHO OTJHYaeTCs OT anrebpel KaK HaykH (B COOCTBEHHOM
cueicae). Copepxanue sieMenTaprol anreGpe  Onmpeneasercs comep-
JKEHMEM HWIKOJBbHOTO Kypca aarebpel. B cpenmefi mxone non
Ha3BaHHEM «anre6pa» DOHMMaeTCs yueOHBI! DpeaMeT, HEOAHODOZHBIR
IO CBOEMY COLEPMAHMIO, B KOTOPOM H3/1araloTCs OCHOBHHIE CBELEHHS,
OTHOCAILMECS HE TOJbKO K anrebpe (B COOGCTBEHHOM CMLICJE), HO
M K pEAY APYrMX MaTeMaTHueCKHX puclMmmH. Hspectro, uTO
B INKOJbHYKO anreﬁpy BXOASAT PasJHYHBIE BODDOCH], KaK-TO: Pa3BHTHE
YHEHMS O YHCJe, yueHHE 06 asre6paHuecKMX BRIpAXKEHHSX (MHOTO-
YiEeHBl, PAlMOHANbHbIE BHIPAXEHHH, HPPAlHORAJIBHBIE BHIPAKEHHS),
yuenne 06 YpaBHEHHAX, SJEMEHTHI YueHusl O QYHKUHSAX, H3YYEHHE
HEKOTOPHIX TPaNCUEHACHTHLIX (QYHKIHME (mOKasaTeqbBas, JoraputMH-
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onpenenenna GYHKUHK WIH MHOMECTBOM 3HaueBull (momy-
CTHMBIX) 2pryMenta. MHOXeCTBO COOTBETCTBYIOUIHX 3HaueHk y==f (X}
HA3LIBAETCH MHOMECTBOM 3HaueHu# (pyHxURM

Tax, HaNpuMep, TNPONECC HIMEPeHHs OTPE3KOB (Ws¥ YIJIOB) CTa-
BUT B COOTBETCTBHE (MO ONPELEJNEHHOMY TDABHJY) BCHKOMY OTDE3KY
(yray) umcsio — ero mepy. CaeposatenbHo, AMRa ofpeska (Mepa
yrsa) ecth (QyHKUMs OTpeska (yrsia). 34eCo 3Ha4CHHH apryMeHta
CyTb OTPE3KH (YTJIbl), & BHAUEHHA (DYHKLHH — uHC/Ia.

Ecom (B wacTHOCTH) 0G/aCThi0 ONpEAeseHns (YHKIMH HBAAETCH
HaTYpaNbLHEE PAA YKCed, TO Takaw (PYHKLMA HashblBaeTCs TocCJe-
LO0BaTeabHOCTHID (0 NMocnenosatensHocTsX M. ra. VIH wactos-
ulefl KHRTR).

Jns uvcnoBoiX QyHKUME OT HHCAOBOT O apryMeHTa MHOXe-
cteo U —obJacTh OnpeaeeHHs, €CTh IEKOTOPOE MHOMECTBO HYHCEJ,
suavyenka (DYHKUMH CYTb 4YHCJ2, 2 NOTOMY H MHOMECTBO 3HAYEHHi
(DYHKIMH €CTh TAKME HEKOTODOE MHOMECTBO 4K CEJ.

[puMEHHTENILHO K HHCIOBHM (YHKUMAM OOLIEE Onpefe/eHHe
TMOHATHA (hYHKLIMH, B €r0 COBPEMEHHOM IOHHMAHWH, BIEDBLIE GO
J12HO BEJHKHMM pycckhv yuenbsm H. M. Jlo6auesckum

Hue copMymuposas psj ONpenesieHuii, OTHOCAIUMXCA K neif
CTBHTEJILHEIM (DYHKLMAM OT AEfiCTBUTENLHOTO apryMEeHTa.

Orpannuennsie GyHrunu Dyaxyus f(x) #Hassisaemess
02paHUMEeHHOL HE OOHHOM YUCAOB0M NPOMENCYMKE (COOEPIHCOues1cs
8 06nacmu ee onpedesenus), ecau cyuecingyem maxoe vucao M >0,
WMo NpU BCEX SHAUEHNUSX OPZYMERME, npuyadiexcawmny OCHHOY
NPOMENCYMKY, UMEEM MECMO HEPASEHCINEO

If (<.

Ecan wucaa M, ydosaemsopsuowezo amomy YcAosuo, He Cy-
wecmeyem, mo Pyurngua f(x) nospiscemcn neozparuienuon.
Ecsn B 12HHOM NPOMEIKYTKE BLIIOIHAETCH HEPABEHCTBO

FLM (nan f(x)>M),

rae M - HEKOTOPOE YHCJO (He OoOSI3aTeNbHO NOJONKHTENBHOE), TO
Oynkuns f (x) HaswiBaeTcH orpanudYeHHO# CcBepxy (cEuM3y)
B U@HHOM IIPOMENCYTHE.

Uernne o neuetnbie GyHKuun Oywkgua f(X) nasb-
soemen wemHol (Hewemnoi), ecau ee 3naueHus pasus. (mpomuso-
MOAOICHBL) TNPU  NPOU3BOABHBLX O08YX RPOMUBONOAONCHELX IHOME
HURLX apeyMenma:

fx)=f{—x), g HeTHOR (yHKuHH;
F(x)=—Ff(—x), nia wewermoii pyHximn.

Fpaduk weTnoft Qynxuvm cumMmerpudeH oThocutenbho ocn O,
@ HEeMETHOH (DYHKIHH OTHOCHTETBHO Hayasa KOOPAHHAT.

Baauwmuo ob6partnvie ¢yuwxknmu COOTBETCTBHE MEHAY
SHAUEHHSMH APIYMEHT2 ¥ 3HAYEHMAMH (YHKLUHH MOMET HE OBITh
B33GHMHO OAHO3HAYHLIM, WMEHHO BCAKOMY 3HAYEHHIO APryMEHTA COOT-

2* ‘19

















































































































































































































































































HMeeT 3Hauenne, papHoe 1. CaenosarenbHo, NPHt NPOHROALHOM fonycThMOB cucTeme
suayenuli aprymMentos x, @, b u ¢ JcBasl acTh papka |

B npumepe 13 nowasaHo npiselreHte Metofa NOAHOH wHAykumE.

13. JloKasarb TOMAECTBO

1+%ﬁa‘,:—a,l+(al+1)(a,,+1)+"_Jr(a,+1)<n,+1)...(a.,+1)=

a,8,a, a,0,a,. . .Qyyy
@t D@+, g+
Qg v <Oy gy
NokasaTenbCTBO MCTOROM noxvol munykit, [lpennoncoxmm, wro no-
Ka3HIBAEMOE TONIECTRO BEPHO JUI HEHOTOPOFO i, MOKAWEM, YTO B STOM NpPennc-
noweHuH oHo BepHo A 1 - 1. Tlonoxmn

atl, L @tDE ). (o]

1
Sp=14+—+—-"—
" + 4 + a9, Gty - Bylyia

[lo npennonoxenuio

s =t D@D, gyt Diagyy +1)

[ R

Ho rtorma

s 1 @EDE+D. (e,

— e 0,0, - Cp1Crry -

=(a,+l)(an+l)---(ﬂn+1+l)+(a.+1)(ﬂ=+1)---(a,.+,+l)_
alaa“'an"'l alaﬂ"'an+]an+l -
et g . e+ D (@ges 1)

Qe -y prlngs

Siia

Hrax, opMyna pepua aas S, ., B NPENNOJCKENHE, YTO OHA BepHa MAA Sp
Ho npu =1 ¢opmysa sepna:

s,=1+al|+‘i‘ﬂ=!ﬂﬂs+__‘)_

alal alal

Cnenona'renbﬂo, OHA BepHa MPH NPOHSBOJLHOM HaTypazbHOK 71,
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Fnasa Il

PAJTUKAJIbI U UPPALIMOHAJIbHBIE $YHKUNHA

§ 39. Pajuraint Haj NOJeM JEHCTBHTENBHBIX $WCe]

JleficTBUE M3BAEYEHHS KODHR OHOSHAYHO BHITOJHHMO B MHOME-
CTBE BCEX HEOTPHNATEN BEBX AEHCTBHTENBHEIX YHCEJ.

Teopexma. Karxogo 0ot nu Obii0 Heompuyamesstoe Oeficmeéu-
meApHoe Hucao A, cylujecmsyem eOUHCMBEHHOe HeOMPILAMELbHOE
Oeficienimensnoe wUCA0 X, M- CmeneHs KOmopozo pasua A.

JokasaTenbcTBO. PacCMOTDHM TNOC/AEAOBATENRHOCTE /X
cTeneHeil LENBIX HEOTPULIATENLHEIX YHCE:

0, 1%, 2%, .., &, ... {#F"}

Mycte N>0-—moboe aapanuoe (kak yTOAHO GOMBIIOE) wHCTO.
[Noxakem, 4TO NDH BCEX NOCTATOYHO OOJBIIHX SHAYEHUAX £ HMEET
MEeCTO HEepaBeHCTBO K > V.

B camom fesne, OycTh k so6oe HaTypadbHO® wuHCHO, Ooabmee 1
¥ Goypmee NV:

1<k w Nk #

[lepeMHOXHB IOYJEHHO STH HEPAaBEHCTBA, NONyuEM N <k
[lepeMHOMWE NOUNEHHO nOCNefHEee HepapencTBO H 1<k, moayumm:
N<E n 1. 1. u, saxosen, N<k"

B wactHocTH, B mocnenoBatenpmocTH {£"} cyulecTBynor yHcna
Gosbiune A. OGosgauuM dYepes p-}-1 RauMeHbLlee H3 3THX YHCENT:

<AL (1N
Pazpeany cerment [p, p--1] Ha necaTs PaBHEIX yacTell TOuKamMu:
1 2 1
p Pt PHigs ---» P11 Hyems p—|—q’1"l0_ HaHMEHBLIEE H3
9THX YHCEJ, N- CTENEHs KOTOporo Gosslie A; HveeM:

(r+%) <a<(p+2E)

n
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npapas HacTH ypaEHeHus 3afaloTCs (JOpMyJamM, CONEPMAIHMH SJe-
MEHTAPHLIE MATEMATHYECKHE ONepalMM (3TH ONEpaLMH NEPEYHCJIEHD!
Ha cTp. 24 u 25).

Pewennen ypasHeHHs ABIAETCH CHCTEMa YHCEN X —a, y =0, ...,
Z==¢, TPH HOOACTAHOBKE KOTOPLIX B AHANHTHUECKHE BHPAMEHHS
Fi(x, 3, ....,2) u F,(x, ), ..., 2) nonydaeTcs OLHO H TO e HHCO.

YDaBHERHs, H3Y4YaeMEIE B 3JEMEHTApPHOH MaTeMaTHKE, PacCMaTpH-
BaIoTCA OOLMHO Bal HEKOTOPHM UYHCJAOBEM HOJEM, T. €.
ykasuipaeTCs (B60 monpasyMeraeTcsi), KaKOMY YHCJOBOMY YIOJHO
IODKEbL APHHAL/ENATL LONYCTUMBIE 3HAUEHHS HEM3BECTHBIX H HCAAE,
BXOLSULUME B COCTAR aHA/MMTHYECKHMX Bmpamewwil. Muoxycecmsa pe-
weRuli 00HORO0 § MO0 JICE YPOBHEHUS, PACCHAMPUIAEMOZD HAO
PO3AQUHEIMU HUCNOBLIMU HOAZMI, MORYIN Gbinis Pa3AUuHHBIME.

Ypaesenus, PaccMaTpHBaeMble B SJEMEHTAPHON MaTeMaTHKE, KJac-
CH(MLMPYIOTCS A0 XapaKTepy MaTeMaTHYECKHX ONEpalyl, BHINOJHSE-
MHX Hall HEH3BECTHDLIMH.

¥ paBsenre

Fi, v ., 2)=F,(x, 3 ...,2) (18]

HA3LIBAETCH anrebpamdeckuM, ecm F, w [F,— MHOrOWEHH.

Ypaeseune (F) HasbHaeTcs npoGHLIM (paUHOHAJBHLIM), €CTM
(F,) u (F,) 9BARIOTCH PaUHOHAAbLHLMH (YHKUHMAMH, HO XOTA OH
OnHA M3 HUX HE RBJIRETCH MHOTOWIEHOM.

Ypassenue (F) nasvipaetca wppausoHanbHLIM, ecik F, u F,
ABNFIOTCH aArebpaHueCKHMY BEIPaXEHHAMY, OPHYEM XOTS 6pl
omna us (Qynkumit F, w F, Be sanfeTcs paunoHalbHOR
(conepyxHT nEHCTBME H3BJEYEHHH KOPHA M3 BLIDaXEHAH OT HeHs-
BECTHLIX).

3semMeHTapHas TEOPHA MEPEHHCIEHHOTO BUIA YPABHEHMI H3/IOMNeHa
B rmagax V u VL

B uacTHOCTH ypaBrewwe F(x, y, ..., 2)=0 sa3pizaeTcs ajre6-
paHuecKkuM YPaBHEHHEM CTENeHH n, ecnu F(x, y, ..., #) €CTb MHOrO-
YNER CTENCeHU n.

YpaBHeHHe HasLBAaETCA TPaHCUEGHAEHTHG M, €CJH B MpaBoOlk
WIH JeBOH Ero yacTH {KpoMe anreGpaqueckmux) cOmepiarcs TPaHC-
UEHAEHTHBIE ONEpalyy Haj HEH3BECTHLIMH.

Tpumepw
1. Cucrema wucen x==0, y==0 ecTb pewenne ypapneuns
X' — yr—2xy,
TaK kak npy x=y==0 suavesms npanofi u nesoil uacted papun. CHCTEMa unces
x=2, y=1 we eCTb peleHse STOro YpPaBHeHHSN, TaK KaK npu x=2, y—=1
x*— =3 a (Qxy)=4

2. B none peficroutensHnx ukcen ypapnenne x*4-3* =0 umeeT eauHcTeeH-
Hoe penienne x=y==0 B nose KOMANEKCHLIX uUKCEN STO ypaBuelHe HMeeT Gec-
KOHEHOE MIOMECTRO pelleHui, eMy YAUBIETBOPRET Niobas Napa udcen X, y=ix,
rae x — NPOH3BOALHOE YHCHC.

3. ¥pasuenue

Ixi+iyt+id=—1-
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Onpenenun, KOTOpoe 3 BRpakeHull B NPaBLIX YacTAX TOCAGAHUN HEPABEHCTB
faeasetcs GosbwmM. Hepaeencrso

. x—y+lz=—x4y—2
HMEET MECTO, eCin

5 3
y<g* + 7
Heparencrso
-yt l<—xty—2
uMeeT MECTO, ecim
5 3
y=ox + 5
CuenosatesbHo,
Z>ar—ytl em y<oxdo

L
z>—x4y—2, ecm yz%;:.k%,
H7ax, umeem Lbe SJleMenTapHble o6aacTu:
5 3
— oo < x < - o0; —m<ys~2—x+—§-; dx—~y+1<z2<4
H

3
— oo < x <+ w0 -g-x+—2-sy<+ w, —Xxty—2<Lz<C} oo,

Feomerpuueckan unrtepuperauns Cucrema onpenenset apy-
l‘palvlllhlﬂ yroa, BHyTpEHHHe TOYKH HOTOROrC JI€KAT EBLILE xaaolt u3 nsockocred
z=dx—y4luz =—xfy—2

§ 77. CvewanHble cHCTEMB!

PacnpocTpaHeHNbIM BHIOM CMEIAHHBIX CHCTEM SBJSIOTCS ypaB-
HEHHs, COAepiallke IapaMeTphl, 3ajaHHBe NPH  JONOJHHTEJbHBIX
YCNOBMAX, BBHIPAMEHHBHIX NOCPEACTBOM HEPABEHCTB, COAEPMALMX He-
u3BeCTHHE. K Takoro poga CMElIaHHBIM CHCTEMaM DPUBOASTCH MHO-
TMe TEKCTOBHE 3ajlasi. B JaHHOM Clyyae OOBINHO IOCTYTAKT Tak:
HaxoasiT O6uiee PEIIEHHE YpaBHEHHMA (WIH CHMCTEMBl YPABHEHHI), Bhbl-
pasHB HEH3BECTHBIE HEpe3 MapaMeTphl, a 3aTeM COCTABAAKT COOTBET-
CTBYIOUIME HEPABEHCTBA OTHOCHTENBHO NAPaMETPOB.

MpuMeps
1. HalitH nosommtensiele peileHus ypasHenus
Bkx — 9—=10x — 3k.

Pewenne. Tpebyercs peuntTe CMEMaBHYIO CHCTEMY
5kx —9=10x — 3&, x>0,
Peuaem ypasneHHe
3@ —8

—_ £ 2,
xﬁﬁ(k—?)' rne kR #

nopy k=2 ypaBHEHne He uMeeT peeHui,
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Ha mmmecqenyrommx npumepax noxasano p
CHCTEM C ADYMSI HEKBRECTHHIMM.
§. Peunitb cuctemy

2%x—y4-1=0, x4-y42>0.

Peuwexune. Obwee peilenne ypastenns [AeTCH (OPMyCH
y=2x4- 1.

TlofCTabHM B HEPaBEHCTBO:
OTKYRa

x4 y4+2=x4Q@x4+1)+2=3x43>0,

Crenosatenuyo,
. y=2x141, e x>—1.

x>—1

Ly
7
o
U

A

W[N]

Yepr. 102

Yepr. 101
TeoMerTpuyeckas uuTepnpeTauns Muowecteo pemennit cvewman-
-+ 1 =0, newamelt

Holt cHcTeMH wM300pmKaeTCA wacThio NpAMOH JanHEM 2x -— ¥
B noxynaockoctn x—+y 42 >0, sto ecib ayy (uept. 102).
6. Peumts cHcTeMy:
x—y4+1=0, 2x—y4-2>0, x—2y4-4>0.

PemrenBe. Obmee pelllenne ypaBHeHUs eCTb
y=x-1,

fIO/ICTABAAEM B NEPBOE HEPABEHCTRD
2% — (x4 D+ 2=x4-1>0, OTKyHa x>—1,

@ 3areM BO BIOpOE
x—2(x4-1)4-4=—x+42>0, ommyna x<2

Crenosareieno,
y=x+41, e —1<{x<2
FeomeTproeckan wuHTepnpeTanys. MoowecTso peweHull cMeman-

Hoft CHCTeMBl H3OBPAMAETCS OTPE3KOM NPSIMOH, COIEpHAMMMCS BHYTPH Yraa, onpe-
03)

IEISEMOro OBYMA AAHHLIMH HepaseHCTRamu (ept. 103).
287

































WIH .
(x+5) =z @

ypasrenre (2) 3xsuBanenTHO ypaprenmio (II).
1°. A>>0. Hs nocneaHero paBeHCTBa IONYYHM:

b A
PER R LY &)
OTl\’y}Iﬂ V"‘ -V‘—
—bs—VA —b A
w==tgE w =R

Taxum 06pasoM, CYLIECTBYIOT ABa pasJMYHH e JefCTBHTENb-
Hble KODHs TpeXwieHa.

2°. A<C0. PapencTea (1) u (2) He MOTYT HMEeTb MeCTa HH IpH
KaKoM JIEHCTBHTEJNbHOM X, MOO HM NPM KakOM X KBAaApaT ReHCTBH-

b
TEABHORO UHCHA X —-5- HE MONeT OmTb OTpHUaTepHEM. [lepexon
¥ paBeHCTBY (3) HeBosmoen, n6o (B rone REHCTBUTENBHHIX YHCEN)
npu A< O Buipaxenne V' A He nmeer cueicia. TpexuieH He MMeeT

KOpHEH B NoNe RefiCTBHTENbHBIX YHCE.
3°. A=0. B stom cayuae

b a
axtbxtc=a (x—i—z—a) ;
CNEIOBATENBHO, TPEXUNEH MMEET JBYKPATHB! LEHCTBHTENbHE KOPEHD

X=—0c.

2a

[Nepeyncnennbie YIPH3HAKH MCHEPDEIBAIOT BCE BO3MOMKHME,
HMEIOLME MECTO ¥ B3aHMHO HCKJIOYaOUIMEe JAPYT Apyra CJay-
uaH (OTHOCHTEJbHO 3Haka A)¥, Y03TOMYy OHM (IDHSHAKH) SBJSIOTCS
HEOOXOMMMBIMH ¥ AOCTATOYHLIMH YCJNOBHAMH, Y. T. A.

[Mpumeuanue. B vactocTH, eciH KoaddMuuEHTH Tpex-
4NeHA PALMOBAJEBHEL, TO €0 KODHH PALHOHAJEBHE!, B TOM H TOJNBKO

B TOM C/yyae, Korna J/'A— pannomanbHOE 4GHCIO, T. €. KOrfia

JHMCKDHMHHAHT RBJSETCSH TOYHBIM KBaAPAaTOM PALMOHANEHOFO YHCJA

(cv. § 41). )

TpexuJen Hapg moJeM KOMDJEKCHHX unucen. PaccMor-
pum Tpexwied (I} ¢ NPOM3BOJBHLIME HKOMIIEKCHEIMH KO3(duumen-
TaMH, CYHTasl AJA apryMeHTa HROMyCTHMbIM NPOM3BOJIBHEIE KOMILNEKC-
Hbl€ 3HAUCHHSL.

Teopema. 1°. Ymobs: Keadpoamubiui mpexwuren & nose Kom-
naeKCHBLX HUCEn UMEA 080 POIAUNHBIE KOPHS, Heolxodumo u 00-
cmamonno eunoanenne ycaosus A —=Ub* —4ac=£0.

* Tax, HanpuMep, ecan 062 kopun AeHCTBHTENBHE H pa3iMdHE, TO0 A >0,
H60 npn A < 0 ypanhense He HMENO Obl AeliCTEHTeZbHBIX Kopmel, a npy A=—0
Gbl 6Bl ABYKPATHBIK KOpEHB.
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Koprw tpexunena A°—6k-+8 cym k=2 k=4
Cnyua#t A} umeer. mecto, ecan k< 2 man k > 4. Cayvalt B) uMeer wmecro,
ecnu 2< k< 4, Cayuall C) nmeer mecto, ecan =2 umi k=4,
7. He pewas yparneuns
2x*4-x—1=0

OTpPeeNuTh, B KAKOM HMHTEpBaNe OTHOCHTEALHO ero kopHed corepwmuren uucio 1.
Pewenune Tonaraem flx)=2x'+x—1, A=9>0, kopun neficTeu- .
Teabbl. Tan kak f{1)=2 >0 (ymrowenue f{x) va a=—2 namnune, w60 a > Q)

al > —ga==— g 70 uncio 1 Gosbme Goiblwiero KOpHS.
8. Mccaenosats, NpH KAKMX 3HAYEHHAX HApaMeTpa m ypaBrEHwWe
A+ (m—2Yx4m—5=0

HMEET TIOSOMHTENLIHIE KOpHY, OTPHUATENbHBE KOPHY, OAMH FIOIOWHTENGHBIN ¥ OBHE
OTpHIATERLHBI KOpEHb.
Pewenue. YpapHenne mmeer neficTBHTENbHBIE KODHN, eCan

A={(m — 2P —16(m — B)=m* ~ 20m | 84 =0.

Kopun tpexunens m* — 20m -84 cy™ m, =6 u m,= 14. Crenoparessro,
KOPHH YPARHENHS AefiCTBHTE/bHEI NPH 3HaNEHHAX MapaMeTpa B COBOKYNHOCTH JBYX
MpOMEMYTHOB — oo < M6 ¥ 14<Cm< - oo.

1°. Kopnu Tpexssena NONORHTENLHL, €CAH /m YIOBIETBOPHET CHCTEME Hepa-
penctB m—5>0. m —2< 0, 320, 318 cucTeMa OpOTHBOpPEYNEA.

2° KopHu# OTPHUATEAbHBL. ©C/H 177 YIOBIETHOPAET CHCTEME HEPABEHCTB m—>5 >0,
m-——2>0, oikyna m > 5. FNpunse B0 Bunmanne ycaose A0 peficTsurentio-
CTH KOpHe}l, TMOAyuMM COBOKYNHOCTE NBYX NpPOMEYTKOB:

b5< m<b u dsm<t o

Mpu m=6 ¥ m=14 Tpexunen uMeeT ABYKPaTHLI OTPULATENBHEN KOpEHD.

3° Kopnw npotwnonosownb no 3uaky, ecai m—5< 0, A>=>0. Hs aroit cp-
CTEMB! DAYNHM HHTepRan — o < m < 5.

4° Mpu m==5 onuH KOpeHb YPAaBHEHHR paBeH RYJIO, apyroff gohowuTENEH.

9. llant nba neficTouTenbibie YHcaa a M §, npuvem a < §; onpeseauts pacno-
JoweHue xopheil Tpexunena ¢ nefiCTBHTEALHBIME KOPHAME

fxy=ax*+bx+t¢e
OTHOCHTE/bHO [laHHBIX YHCe.
Pemenue.
1°. Ecan af (@) <0, af(f)<<0, 70 whcaa o % f pacroiowern B uHTepBaie
KopHeit:
% <a<B< X
2°. Ecmy af (@) < 0, af(f) >0, o
<ol <P
3% Eom af@ >0, af ()< 0. 1o
a< X% <Bp< %,
4°, Eowm af 3 >0, af(®) >0, 1o
mw ) @< B< X, < X, Wl b) 2< X, < % < B WM Q) X, < x, < @< Ba

Cnyuall a) zapakrepuayetca ycioeseM f < 4 _; *e B< - Anano-

&
rHEuRO, cayuail €) XapakTepH3yeTcs YCHOBHEM & — > Cyuail b) xapaktepusyercs

b
yeaobuer o < — < B.
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Hexmouns HEHIBECTHOE ¥y nosyyMM ypasHCHME:
X (1 —28) x* — 2ax o B — RE =0,

Otciona BoiTexaer crenyiomy rpaduuecknit Cnocot HaxoMAEHNHA
NefiCTBHTENLHLIX KOpHE! YDaBHEHMA BHna

x'+-px*f-gx+4r=0.
Mz ycnoeufi:
1—%Be=p, —Za=gq, oHP—R=r

HallleM 3HaueHHs MapamMeTpoB «, § M R, a 3aTeM HOCTPOMM napabony
y==X" W OKPYKHOCTb C LEHTPOM B TOuKe (a, f) W ¢ paamycom pas-

Yepr. 113

HEM R. HckoMble KOpHH CyTh aGCLMCCH TOYEM NEpecevenua Napa-
60JIb! M OKDYMHOCTH.

Besikoe ypasnenne yersepTofi creneHu

x4 bx*tcx* -dx -t e=0

(6es ymepGa mns OGIHOCTH, KOS((MUMERT TpM CTapweM waeHe
MOXHO CYHTaTh PaBHLIM 1) DomCTaHOBKOH X==2— MOKHO DOpH-
sectu K BHAY (1), B, crenosarenbHo, HAfTH rpauuecku ero nei-
CTBHTEJIEHLIE KODHM YKA3aHHGLIM [OCTPOGHHEM. .

Ha ueprexe 113 npencrapieno rpaiuueckoe pelleHne ypaBHEHHS

X' —3x"—2x—4=0;
328
































































































a (5) momyuntca us (4) yMHC na &% Tpucc I @ u B
TaKk ke, KaK B TNpeRblIylwleM ciyuae, TIOKMKEM, 4TO C€HCTeMa ypaewennff (4Y),
(2) n (3) sxBHBaNEnTHA pannoi. YMHOWHE (3) Ha € BhINTA H3 (2), NOAYUHM

e(y — e2) (x } ey 4-6*2) =0,

T. €. cneficteie (4¥), Kak H B TMPERLILYLIEM CAyuae, IOKAWeM, UTO CHCTENA HMeeT
GEeCHONEYHOR MHOKECTBO pemeunﬁ.

Aunanoriipo paccmatpusaercs cydail £—= e

Cayuah 3° 0®4-0°+ ¢ —3abe=0, uo ot 6u onuo w3 wucen a°— be,
B — ae, ¢® — ab OTIHUNO OT HYAR, NpH STOM XOTS GHl OUHO M3 uMceld &, b U €
Tatwe (HampuMep, ¢) AOMKHO GHITh OTANNBIM OT HyM. B sToM cayvae noacra-
HOBKa ofilero pewernn (6) omioponuoil cHCTEMBI B ypasteniie cucteb! (3) senet
K NPOTHBOPEYMBOMY CJERCTBHIO. CHCTeMa He HMeeT peilenni.

§ 91. HepasencTea ¥ CHCTEMbl HEpABEHCTB BbICIUHX CTereneil
C OIHHM HEeH3BEeCTHbIM

AnrebpanyeckOe HEPaBEHCTBO IIOCKE TEPEHOCA BCEX WIEHOB

8 OfHY YacTb mpumer Bux P(x}\/0, rme P(x)—mHorouned Hag

noneM HEHCTBHTENABHEIX uMced. PaccMOTpUM AN Ompelenes-
HOCTH HEPaBEHCTRO

P(x) >0. )

Muorounes P (x) pasmaraeTcs Haj TOJEM  [@HCTBHTENBHEIX
YuCea Ha IIPOM3BELEHHE JHHEHHEIX COMHOXHTENEH M 3HAKOTMO-
ZOMHTENbHE X KBANPATHEIX TPEXWIEHOB (C MHHMEIMH KODHSIMI):

P()=a(x — £) (t— 1) ... (x — x5 (- px g )P ...
- (Pt ppx g, )

HepapencTeo (P) 9KBHBA/IGHTHO HEPAaBEHCTBY
alx—x) (x—x,)=. . (x—x)"*>0.

Tpeanonoxmm, 4To HeflCTBUTENLHEHIE KODHH MHOTOWEHa P{x) pac-
TIOSIOXKEHEl B NOPANKE BO3DaCTaHMs:

X1<X2<...<Xk.

Kopun x,, X, ...x, CyTs OOIIME rpaHMuHEIe TO4KH £--1 umtep-
BaJioB

(_°°r X1)’ (X‘, -xe)’ L ] (Xk+°°)'

B sTix uHTepRaNax KaKIBIH M3 COMHOMHTENEH B JEBOH YaCTH
nepaBeHCTRa (1) sHaromoctossen. 3mak MHOrownewa P(x) B xawmom
HHTEPBaJIE ONPENENAETCA MO YHC/IY OTPHUATENLHBIX COMHOXMHTENEH.
Hepapencreo (P) BumosHseTcs B TE€X WHTEPEANaX, B KOTOPHIX YHCNO
OTPHUATENLHEIX COMHOXHTENEH YETHO (B YAaCTHOCTH, KOTMa MX HeT).
B npiwmx mnTEpBaZax MMEET MecTo Hepasencto P (x)<(0. Tak,
HaNDHMED, B Clydae RAPOCTHIX KODHEH o, —a,—=...q,=1
HMEEM CTEMYIOLEE PaCAPE/ENEHHE 3HAKOB, .
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STOM TIONOMEHMM OCHOBAaH YIDHEM DEINECHHS YpaBHEHHH NOCPEICTBOM
JorapuMIpoBanys ofeHx dacTed.
4aCTHOCTH, JOTapH(MHpOBaHHE OGEHMX 4acTefl NpHMeHAeTCs
K PElIEHHI0 ypaBHEHHH BHZa
Bt Vs ceer 2) — [h5(52 Vs oo 2,

rie k, I, a m b—rnonowwrenpHel. IIponorapuMHpOBaE MO NIPOM3-
BOJIBHOMY OCHOBAHHID, MOJYUHM YPaBHEHHE:

logkt-f(x y ..., 2)loga=logl-te(x, y, ..., 2)logh,
SKBHBaNEHTHOE JaHHOMY, T2aK KaK O0e YacTH JaHHOI'O YDaBHEHHs Io-
JIOMHTENBHEL.

Ecmu dymsumn f(x, y, ..., @) B ¢(x, ¥, ..., 2} He ABITOTCH
NOJIOKUTEBHEIME, TO HPH OEPEXofe OT MmepBOrO YPaBHEHHS KO BTO-
pPOMY MOXeT NpOHSOHTH nOTeps pelueHuii. Bcaxas cucTeMa SHaueHmit
HEM3BECTHHX X=—=@, X=0, ..., 2==¢, IPH KOTOPOf

fla, b, ..., )=¢la, b, ..., )<0
€CTE pellleHNe NMEpBOro, HO He ecTh PElUEHME BTOPOre YPAaBHEHMA.
3°. Tlpy npeMeHeRHE (HOPMYJ Jorapu(MRpOBaHHS NPOHABEACHHS,
YacTHOrO M CTENEHHM MOMET NMPOM3ONTH NOTEps pelleHHi:
TaK, HanpuMmep, Nepexon OT YPAaBHEHHS
10g%= log ¢
s

(rne fy fo fo B ¢ OYHKUMH OT HEMSBECTHBIX) K YDaBHEHHIO

log f, +log f,—log f,=log ¢
BO3MOMEH JHIIb NPH yCJlOBHH:

L2000 £20, .20, 920
Beaxas CHCTeMa SHau€HMil HEHSBECTHBIX, OPH KOTopo#t f, >0,
£.<0, f,<0, mbo £, <0, £,>0, £,<0, mbo f,<0, £,<0,
fa>0m }—::(_9>0, €CTh pPELIeHHe NEPBOrO, HO HE €CTh pPelleHHe

BTOPOTO ypaBHEHH.
[Tpp pemenun TpPaHCLEHIEHTHLIX YPaBHEHHH (M CHCTEM) HepenKo
NPUMEHRIOTCS Pa3JMYHLIE YaCTHEIE M ®HCKYCCTBEHHBIE» IPHEMBbl, 06-
YCJOBJEHHBE CREINM(HMYECKUMH CBOHCTBAMH DaCCMATPHBAEMEIX KOH-
KPETHBIX YpaBHEHui. DTH OpueMe! obliell TeopHeli XpeaycMOTPeHB!
6HITE HE MOTYT.
INpaMeps
1 Pewwnts ypasHeHHe
a1
x{x—I0) — _
9 t=yn
Pemenne. INpeacrapue ofe vacti B Buie CTenexel wncna 3, momyusms
1 1
x(x—=1)—5 T 1 1
3 2.=3%, omyna 2 ——5=7.
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Pewenue. Hneen (co. ctp. 483, npumep 4, nosonmts B ofieit diopmyne

e =1, d=1)
_ 1 1 1 ]
W=E—1) [l-?,...(k— D @ he+y.. . etk—1]"

Orxyna
. 1
s=hm s =G —hE ="

B wactioctst, pu 2==2 moayunm psih, paccMOTpENHE B NpEALIAYIUeM BpH-

Mepe.
4, Boiuneants cymmy pasa

g4+ 9P L,

roe l!)al<
emenne. Bocuonuayenca popuynolt, Bwpenentolt B npumepe 2 Ha CTpi-

e 482:
n
_ o g @n—1) g™+ | nZg"+t
PR e R e e
Tak wak |g| <1, 710 lmngP+t=lima2g"*1=0.
n->ca
Caenopatresbho,
_ 2
s=hms, = =q_ )s'

nosroMy npH lgl <1 pAn cXoputca ¥ ero cymma paHa:
_ 29
g8
















































Mrax, BO BCEM PECCMATPHBAEMOM MHONECTBE 1! YepecTaHOBOK
C TIOBTOPEHHAMH KAXJas NEPECTAHOBKA 3amMchBaeTCst of §l...y! pas.
CrienioBaTe/bHO, YHCJIO PaSJIHYHBIX TIEPECTAHOBOK C MOBTOPEHHAMH

paBHO
@HBt... 4

ol B T ’ 49 T. A:

Npumep

Hano p 4 g r paamuuuux NpesMeTon; CKOJILKHMH CHOCOGaMI MOWNO pasbuTh
STH NPEAMETH! Na 3 rpYNAB! TaX, 4roGH Nepaf TpYNNa CONEpWald p NPEAMETOB,
BTOpAs ¢ MPEIMETOB, @ TPCTbS # NPEAMETOB?
Peweune Pacnoiownd Bce Nanubie DPEAMETH B KAaKOM-NHOYAb oOlpene-
JCHIOM TOpALKe:
Ap Ag oes Ap+q+r-

[pr pacnpeseniesys NPEAMETOB 0O rpymnas GYLEM HA MCCTE KAWAOTO MPel-
MeTa MuCaTt ROMep Toil rpynanl, B XOTOpYIC on nonaiaet. Tak, sankch

2123...1

O3laudeT, 4T0 OePBHE NpeIMeT NOMaA BO BTOPYIO rpynny, Bropol B nepeyio,
TpeTHi BO BTOPYIC ¥ T. R. mocaenmilt B nepeylo. BeskoMy pacnpenefennio npen-
METOB N0 PpynnaM B3anMHO OLHO3HAYHO CODTBETCTBYET NEepecTaHoBKA H3 wuucen
1, 2, 3, 8 KOTOpO#t | BeTpeuaetcs p pas, 2 BeTpeuaetcs ¢ pas u 3 BeTpedaeTcs
¥ pas. YUHCNO BO3MOWMHBIX cnocoboB pacnpeneednn NpeiMeTos paslo:

ptgtr)
plgir!

§ 121. Couerauus ¢ HOBTOPEHUSIMH

Ilycts @, b, ¢, ..., d—paHnOe KOHEYHOE MHOXKECTBO, COAEpKa-
1ee # 3eMeHTOB. [T0CTaBHM B COOTBETCTBYIOLIEE KAMCIOMY SJEMEHTY
3TOTO MHOXECTBA HEKOTOPOE LEJIOe HeOTPHUATENBHOE YHCJO, HA3bi-
BAEMOE KPATHOC THIO JIAHHOTO 3JIEMEHTa. JTO COOTBETCTBHE OIIpe-
fensetT (YHKUHIO, JUl KOTOpOfl 3HAUEHMAMH APrYMEHTa SIBAMIOTCH
JIAHHEIE SJEMEHTE!, 4 3HAUCHHAMH (YHKLMH — LEIble HeOTPHUATeNb-
HBEIE HHCJA-— KPAaTHOCTH 3JEMEHTOB. [1yCTh o — KPATHOCTE SJEMEHTA
a, B —KpaTHOCTL 37eMeHTa b, Y — KPaTHOCTH SIEMEHTa € W T. A.
Jun o603HadYenus PacCMATPUBAEMOrO COOTBETCTBHS BEIMHCHIBAIOT CHM-
BOJI, O003HAYAIOUTHI! NAHHEN! SJEMEHT CTOIbKO Pas, KAKOBa €ro KpaT-
HOCTb, €CJIH 3T2 KPATHOCTH IOJOXKHTENBHA, €CJIM k€ KPATHOCTb
JAHHOrO SJEMEHTA paBHa HYJIO, TO COOTBETCTBYIOMMI! CHMBOJ He
BHINHCHIBAaeTCA. CHMBOJIEL, 00O3HAYAIOUIHE INEMEHTE, MOXKHO MMCATH
B KAaKOM YTONHO TOPHJIKE, JIHIIL Obl Ka)<Ablit M3 HUX OBUT HamMCaH
CTOJLKO a3, KAKOBA KPATHOCTh COOTBETCTBYIOUIEro sJjeMeHTa. Tak,
HanpHMEp, 3aMHCH

aaabbedd, ababacdd, dbdbaaca
BLIPAXKAIOT OJIHO M TO XE: KPATHOCT> @ paBHa 3, KPaTHOCTH b paB-

Ha 2, KpaTHOCTH ¢ paBHa 1 u xpaTHOCTD d pasxa 2. ['OBOPAT Takke,
YT0 AaHHbldl 3JeMEHT GepeTCs CTOJBKO Pa3, KakoB2 €r0 KPaTHOCTD.
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§ 29. Pazamuibie crnoco6H  pasnomelus  MIOFOWISHOB Ha MHOMHTENW . . . .
§ 30. ﬂenetme C OCTATKOM MHOIOYJELOB, pacno.umi(euuhlx 1O BU3PACTAICIIHM
CTeNCISIM apryMentd . . < « « = « - . D T

Fnasa II
HApoGrast pannoHagLHAA PYHKIMS

31. PauHOHAMbHEE BHIPAMEHHA . « « - 4 - o = = « « s « o s = s o = =
32. Anrebpanueckre npoGm . . . e e e i it e e e e
33. TowuecTBEHHOCTH anreﬁpalmecxnx nPOGei& C e e e et e e e
34. Coxpalenne aarebpanuecksx npoﬁeu e e et e e it e e e
35. Pawnonanbine gynsumn . . s e e e e e aaaeae e
§ 36. [one pauvowanbubix gywenndi . . . . . e e e e
§ 37. Towpecteemnnie npeoﬁpasouamm paunmlanbnux Bhlpmueuuﬁ .. .
§ 38. MpiMeph TOMAECTBEHHHX NpeuGpasoBaiiii PasioHanbHLLL Bhlpa)i(emlﬁ .

R PBRLUDUD L

Fnasa TH
Pajukaibl ¥ uppauvMoHaibHble QYHKUAN

39. Pagprann Han noses NeHCTBHTEABHBIX WHCEN . o v v v o = = o = =
§ 40. TpeodpazoBaive BEIPAWENNil, CONEPMALLIN pammam e e e e
§ 41. Mssaeuerne kopus u3s unces . . [
§ 42. Hasneuenne xopes mevoaom NOCAGHOBITEALHBIX. npnﬁmmmum e e e
§ 43. O6oGrenne nousTos crenemn . . e e e e e e e
§ 44. Crenennan Qynitnn ¢ pauuonammhu\l nokasatesen . . . e s
§ 45. slpnme anredpanueckue QyRKUMH Ban TofeM AERCTBHTEABHHX WHCEX . .

§ 46. Dyuxuun V Z OT KOMINEKCIOTO APTYMEHTA « « « + o @ o o o o o « »

Faasa IV

VpaBHeuus] 1 HepaBeHCTBa

47. YpasHeHHA M CHCTEME ypabHesnfi . . c e e e e e
48. DKBUBANEHTHOCTL ypaBiektit H CHCTeMbI ypamlemlﬁ e e e e s e e
49. Tlpeotpasosanne ypannemiﬁ e e e e e e e a e e e e
30. Covokynuocth ypaskesmit . . . R
51. OcHoBHble CNOCOGH P cHeTen y- e e e e e e
52. Pewenne ypaaueuun TP IONONHNTENLHDLX yummmx e et e e
53. Ypaewenns, conepaatune Napaderpel . . . . . et et e e
54. OG uccnenosaHnH ypaBHGHHE . . C e e et e e e e
56, Ocolrie cayuyan pelleHns ypamleuuia C e e et e e e e
56, OCHOBHBIE CBONCTBA HEPABEHCTB .+ « « « « « o o « s o » o o » o « &

57. TOMLECTBEHHEE HEPDABEHCTBA . . . & - « v o « o « o = ¢ o o o o o «
58. HexoTopnle 3ameyaTe/biEe Hepaaencma e,
59, Cpennue BeawMuWHbl . . . . . “ e ae
60. 3anaur Ha IKCTpEMyMH, pemaemue npnMeHeHneM Hepasenc-m e
61. Hepasencrsa, € THhlE, snememdpuux obna-

CTEeH Npy¥ NOMOIIH HEpaBBHCTB D T R R R Y
62. Peulenne nepapencts . . . e et e e e e

64, Cumelaninie cHCTeMH . . . e e .

uufl W HepareHcTR . .
§ 66. INoustye 06 aJlememapuux rpa¢uqecxﬁx u npuﬁnmxemlmx MeTonax pe—
wenus ypasueHm#. . . . . . st e i e s e e e

526

63. Hepaseuctsa, conepmaniie aﬁcomomylo BemNHHy R 7
.2

7%
84

65, O pewennn o HCCAEIOBAHNH TEKCTOBRIX 32524 12 COCTABACHHE ypaBHe-
227
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